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Intro

▶ what is prox-point?
▶ applying to constrained optimization?
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Proximal-point algorithms



Prox-point

Let f : X → R be a lsc convex function. Given λ > 0, x̄ ∈ X , the
proximal operator is defined as

proxλf (x̄) = argmin
x∈X

f(x) +
1

2λ
∥x− x̄∥22. (1)

Facts

1. if f is convex, the subproblem is strongly convex (the smaller λ
the stronger, but the further away from the initial problem)

2. x∗ is a minimizer of f ⇐⇒ x∗ = proxλf (x
∗).

The value of the minimum

Mλf (x) = f(proxλf (x)) +
1

2λ
∥ proxλf (x)− x∥2 (2)

is called the Moreau envelope – andMλf ∈ C 1(X ).
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Prox-point iteration:
xk+1 = proxλf (x

k) (3)

Under some assumptions, the sequence (xk)k converges to a
x̄ ∈ argmin f .

There are a lot of known closed-form prox operators1.

1http://proximity-operator.net/scalarfunctions.html

http://proximity-operator.net/scalarfunctions.html


Dual prox-point: equality constraints

Consider a (convex) problem, where c : X → Rm

min
x∈X

f(x) s.t. c(x) = 0 (4)

and its dual
max
y

min
x∈X

f(x) + y⊤c(x)

def
=g(y)

(5)

The prox-point on this is

yk+1 = argmax
y

g(y)− µk

2
∥y − yk∥22 (6)

where the steplength is µk . The problem becomes µk-strongly
concave.



Prox-point: convergence bound

On the dual (or the primal!) problem,

|g(yk)− g(y∗)| ⩽ ∥y∗ − y0∥22∑k−1
i=0

1
µk

. (7)



Stationarity conditions for the dual prox-point read[
∇f(x) +∇c(x)⊤y

c(x) + µk(y
k − y)

]
= 0. (8)



Dual prox-point: inequality constraints

The problem:
min
x∈X

f(x) s.t. c(x) ⩽ 0 (9)

Following the same process:

yk+1 = argmax
y⩾0

g(y)− µk

2
∥y − yk∥22. (10)

The definition of g and stationarity condition read[
∇f(x) +∇c(x)⊤y

c(x) + µk(y
k − y)− ∂IRm

+
(y)

]
∋ 0. (11)
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Following the same process:

yk+1 = argmax
y⩾0

g(y)− µk

2
∥y − yk∥22. (10)

The definition of g and stationarity condition read[
∇f(x) +∇c(x)⊤y

[c(x) + µky
k]+ − µky
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= 0. (11)



Equivalently:

1. get x using minimize step

xk+1 = argmin
x

max
y⩾0

f(x) + y⊤c(x)− µk

2
∥y − yk∥2

= argmin
x

f(x) +
1

2µk
∥[c(x) + µky

k]+∥2 −
µk

2
∥yk∥2

def
=Lµk

(x;yk)

(12)

where Lµk
is called the augmented Lagrangian function.

2. update yk+1 =
[
yk + 1

µk
c(xk+1)

]
+

…this is called the augmented Lagrangian method (ALM).



Sometimes (LASSO, splitting…), we assume that the prox operator has
a closed form.

What if we don’t?
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Practical algorithms



Practical algorithms
Problem setting/Convex Quadratic Programs



Convex QP problem

min
x∈Rn

1

2
x⊤Hx+ q⊤x︸ ︷︷ ︸

:=f(x)

s.t. Cx− u ⩽ 0.

H ∈ S+(Rn), C ∈ Rni×n

L(x, z) :=f(x) + z⊤(Cx− u) (13)
∇xL(x, z) = 0,

Cx− u ⩽ 0,

z ⊙ [Cx− u] = 0,

z ⩾ 0

(KKT)



Convex QP problem

LA(x, z;µ)
def
= f(x)

+ 1
2µ

(∥∥[Cx− u+ µz]+∥22 − ∥µz∥22
) (14)

{
xk+1≈εk argminx LA(x, z

k;µ),

zk+1 = [zk + 1
µ(Cxk+1 − u)]+.

(15)

{
xk+1≈εk argminxΦ

k
µ,ρ(x),

zk+1 = [zk + 1
µ(Cxk+1 − u)]+.

(16)

Φk
µ,ρ(x)

def
= LA(x, z

k;µ) +
ρ

2
∥x− xk∥22



Convex QP problem

xk+1, zk+1 ≈εk argmin
x,z

Mk
µ,ρ(x, z). (17)

Mk
µ,ρ(x, z) := Φk

µ,ρ(x)

+
1

2µ
∥[Cx− u+ zkµ]+ − zµ∥22.

(18)



Practical algorithms
Technical specifications/Cahier des charges



QP solvers Method used Limitations
Mosek, Gurobi Interior Point No warm-start
OSQP ADMM Accuracy to low threshold
quadprog, qpOASES Active set Robustness



Practical algorithms
Implementations of PAL-type methods



A recap

ALM
zk+1 = argmaxz⩾0 g(z)−

µk
2 ∥z − zk∥22 = prox 1

µk
Tg
(zk) is equivalent to

xk+1 ∈ argmin
x

Lµ(x; z
k)

zk+1 = [zk +
1

µ
(Cxk+1 − u)]+.

(19)

Resolvant operator

prox 1
µk

Tg

def
= (I +

1

µk
Tg)

−1, (20)

with Tg = −∂g.



The PAL

Proximal Augmented Lagrangian
xk+1, zk+1 = proxΣT (x

k, zk) is equivalent to

xk+1 = argmin
x

Lµ(x; z
k) +

ρ

2
∥x− xk∥22︸ ︷︷ ︸

def
=φk

µ,ρ(x)

zk+1 = [zk +
1

µ
(Cxk+1 − u)]+.

(21)

Resolvant operator

proxΣT
def
= (I +ΣT )−1, (22)

with Σ ∈ S++(Rn), T KKT conditions (12).



QPALM [1]

Idea: Approximate prox with semi-smooth Newton.

Merit function: φk
µ,ρ(x)

def
= f(x) + 1

2µ∥[µz
k + Cx− u]+∥22 +

ρ
2∥x− xk∥22.

xk+1 ≈εk argminx φ
k
µ,ρ(x),

zk+1 = [zk + 1
µ(Cxk+1 − u)]+,

yk+1 = yk + 1
µ(Ax

k+1 − b).

(23)

with ∥∇φk
µ,ρ(x

k+1)∥∞ ⩽ εk,
∑

k ε
k < +∞.

Stopping criterion

∥∇φk
µ,ρ(x

k+1)∥∞ ⩽ εk,
∑
k

εk < +∞, (24)

With (26): ∥(xk+1, zk+1)− proxΣT (x
k, zk)∥ ⩽ M∥∇φk

µ,ρ(x
k+1)∥∞.
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QPALM [1]

Semismooth Newton step
x̂(0) := xk . Generate x̂(l+1) = x̂(l) + α∗δx with:

▶ α∗ := argminα⩾0 φ
k
µ,ρ(x̂

(l) + αδx)

▶ δx solution of (1).[
H + ρI Ĉ(k)(x̂l)⊤

Ĉ(k)(x̂l) −µI

][
δx

δz

]
=

[
−∇φk

µ,ρ(x̂
l)

0

]
, (27)

where Ĉ(k)(x) is a short-hand for the generalized Jacobian of
[Cx− u+ µzk]+ at x and

∇φk
µ,ρ(x) = ∇f(x) + C⊤[zk +

1

µ
(Cx− u)]+ + ρ(x− xk). (28)



QPALM [1]

x̂(0) = xk, ẑ(0) = zk .
Generate x̂(l+1) = x̂(l) + α∗δx, ẑ(l+1) = ẑ(l) + α∗δz with:

▶ α∗ := argminα⩾0Mk
µ,ρ(x̂

(l) + αδx, ẑ(l) + αδz)

▶ δx, δz solutions of (1).[
H + ρI Ĉ(k)(x̂l)⊤

Ĉ(k)(x̂l) −µI

][
δx

δz

]
= −

[
∇f(x̂(l)) + ρ(x̂(l) − xk) + C⊤ẑ(l)

([Cx̂(l) − u+ ẑ(l)µ]+ − ẑ(l)µ)

]
, (29)

where Ĉ(k)(x̂l) stands for the generalized Jacobian of [Cx̂l −u+µzk]+.



Frame Title

x̂(0) = xk, ẑ(0) = zk .
while ∥r(x̂l, ẑl)∥∞ > εk do[

H + ρI Ĉ(k)(x̂l)⊤

Ĉ(k)(x̂l) −µI

][
δx

δz

]
= −

[
∇f(x̂(l)) + ρ(x̂(l) − xk) + C⊤ẑ(l)

([Cx̂(l) − u+ ẑ(l)µ]+ − ẑ(l)µ)

]
︸ ︷︷ ︸

def
=r(x̂l,ẑl)

α∗ := argminα⩾0Mk
µ,ρ(x̂

(l) + αδx, ẑ(l) + αδz);
x̂l+1 = x̂l + α∗δx;
ẑl+1 = ẑl + α∗δz;

end

Ĉ(k)(x̂l) stands for the generalized Jacobian of [Cx̂l − u+ µzk]+.



Enhancements in [5]

1. New merit function, extending [2, 3]
2. Calibrate µ using bound-constrained Lagrangian (BCL) [4]
3. Good implementation



Enhancements in [5]

Changing merit functions
KKT conditions in (x, z):

∇f(x) + C⊤z + ρ(x− xk) = 0,

µz − [Cx− d+ µzk]+ = 0.
(30)

are equivalent to:
∇f(x) + ρ(x− xk) + C⊤[ 1µ(Cx− u) + zk]+

+ 1
µC

⊤([Cx− u+ zkµ]+ − zµ) = 0,

zµ− [Cx− u+ zkµ]+ = 0.

(31)



Enhancements in [5]

New merit function

Mk
µ,ρ(x, z) := φk

µ,ρ(x) +
1

2µ
∥[Cx− u+ zkµ]+ − zµ∥22. (32)

Linear systems involved

[
H + ρI C⊤

Ik(x̂(l))

CIk(x̂(l)) −µIIk(x̂(l))

][
δx

δzIk(x̂(l))

]
=

−

[
∇f(x̂(l)) + ρ(x̂(l) − xk) + C⊤

Ik(x̂(l))
ẑ
(l)

Ik(x̂(l))

([Cx̂(l) − u+ ẑ(l)µ]+ − ẑ(l)µ)Ik(x̂(l))

]
,

δzIck(x̂(l))) = −ẑ
(l)

Ick(x̂
(l)))

,

(33)

where Ik(x) = {i ∈ [1, ni]|Cx− u+ zkµ ⩾ 0}.



Enhancements in [5]

Comparing iterative residual errors

Figure 1: Iterative error after one iteration of semi-smooth Newton (with PAL
or PDAL merit functions) for QPs with increasing condition numbers.



Enhancements in [5]

while Stopping criterion not satisfied do
x̂, ẑ ≈εk argminx,z Mk

µ,ρ(x, z);
xk+1 = x̂;
if ∥[Cxk+1 − u]+∥∞ ⩽ ηk then

Accept multiplier ẑ;
Strictly decrease εk , ηk ;

else
Keep previous multiplier zk ;
Low decrease of εk , ηk ;
Strictly decrease µ;

end
end



Enhancements in [5]

sparsity = number of non zeros
number of matrix elements (34)

sparsity ⩽ 10% (35)

matrix dimensions ⩽ 1000 (36)



Some benchmarks
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Figure 2: Run times for random sparse equality and inequality constrained
QPs (sparsity of H,A,C ≈ 15%) with fixed dimension (d = 50).
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Figure 3: Run times for random sparse equality and inequality constrained
QPs (sparsity of H,A,C ≈ 15%) with increasing dimension.



Some benchmarks
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Figure 4: Performance profiles on small to medium-sized Maros-Mészàros
problems.



Applications



Extension I: Nonlinear control

Work from Jallet et al. [6, 7]

▶ solve sparse problems

▶ derive first-order
sensibilities from
solution

▶ often nonlinear &
nonconvex structure

▶ software coming up:
proxddp 0 50 100 150 200 250 300 350 400
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50

100

150

200

250

300

350

400

Figure 5: KKT matrix for a Newton step on a
control problem (acrobot w/ control bounds).



Basic building block: general nonlinear programming (NLP).

Same principle: approximate the prox with Newton steps, but:

▶ Hessian matrix changes all the time
▶ no analytical formula for linesearch
▶ compute Newton steps with dynamic programming (Riccati-type
recursion)
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Extension II: sparse coding?

Consider a nonsmooth penalty problem

min
x∈Rn

f(x) + ∥Lx∥1. (37)

Traditionally: if we know proxf then use ADMM.

Idea from [8]: build augmented Lagrangian

Lµ(x; ye) = f(x) +Mµℓ1(Lx+ µye)−
µ

2
∥ye∥2 (38)

whereMµℓ1(v) = minz
1
2µ∥z − v∥2 + ∥z∥1 is the Moreau envelope.

To investigate:

▶ semi-smooth Newton steps
▶ convergence rates
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