A bit of propaganda on Augmented Lagrangians

Wilson Jallet'®  Antoine Bambade™2#

Tinria WILLOW 2Inria SIERRA 3LAAS-CNRS “ENPC




Intro

» what is prox-point?

» applying to constrained optimization?
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Proximal-point algorithms



Let f: X — R be a lsc convex function. Given A > 0, z € X, the
proximal operator is defined as

. 1 _
prox, ;(z) = argmin f(z) + s~ ||z — /3. (1)
zeX 22



Let f: X — R be a lsc convex function. Given A > 0, z € X, the
proximal operator is defined as

. 1 _
prox, ;(z) = argmin f(z) + s~ ||z — /3. (1)
zeX 22

Facts

1. if f is convex, the subproblem is strongly convex (the smaller A
the stronger, but the further away from the initial problem)

2. z* is a minimizer of f <= x* = prox, ¢(z*).

The value of the minimum
1
Mys(z) = f(prox,s(z)) + ﬁ” prox, ¢(z) — z|? ()
is called the Moreau envelope — and M, € €*(X).



Prox-point iteration:

k+1

" = prox)\f(xk)

Under some assumptions, the sequence (z*); converges to a
Z € argmin f.

There are a lot of known closed-form prox operators’.

'http://proximity-operator.net/scalarfunctions.html


http://proximity-operator.net/scalarfunctions.html

Dual prox-point: equality constraints

Consider a (convex) problem, where ¢ : X — R™

géi}\fl f(z)st.c(x) =0 (4)
and its dual
max gél/{)l flz) +y e(x) (5)
| o) |
The prox-point on this is
y* ! = argmax g(y) — %Hy -3 (6)

Y

where the steplength is ug. The problem becomes ug-strongly
concave.



Prox-point: convergence bound

On the dual (or the primal!) problem,

||y* - CUOH% )

l9(y") — g(y*)| < S
=0 pu



Stationarity conditions for the dual prox-point read

Vf(z)+ Ve(x)Ty -
c(x) + pr(y" —v) '



Dual prox-point: inequality constraints

The problem:

géig(l f(z)st.e(x) <0 (9)

Following the same process:

1225
y* ! = argmax g(y) — = |ly — ¥* 3. (10)
y>0 2

The definition of ¢ and stationarity condition read

V() + Ve(a) Ty

() + (e — ) — 0T ()| w



Dual prox-point: inequality constraints

The problem:

géig(l f(z)st.e(x) <0 (9)

Following the same process:

1225
y* ! = argmax g(y) — = |ly — ¥* 3. (10)
y>0 2

The definition of ¢ and stationarity condition read

Vf(x)+ Ve(z)Ty

(o) + s — pey| o



Equivalently:
1. get z using minimize step

2* = argminmax f(z) +y ' ¢(x) — %Hy —yF|?

=

. 1 M
= argmin f () + = ||[e(@) + vl |? — k2 (2)
x 2,Uk 2

def
=Ly, (z3y%)

where £, is called the augmented Lagrangian function.

2. update y**+! = |yF + Lc(xk—&-l)}
I N

.thisis called the augmented Lagrangian method (ALM).



Sometimes (LASSO, splitting...), we assume that the prox operator has
a closed form.



Sometimes (LASSO, splitting...), we assume that the prox operator has
a closed form.

What if we don’t?



Practical algorithms



Practical algorithms

Problem setting/Convex Quadratic Programs



Convex QP problem

1
min —z' Hz + qTx
z€R™ 2

=f(z)
st. Cx —u <0.

H € 8.(R"), C € Ruixn

L(x,2) :=f(z) + 2" (Cx —u) (13)
ViL(z,z) =0,
Cr—u <0, (KKT)

2O [Cx—u] =0,
z=>0



Convex QP problem

La(z,zp) Y f(x)

+ (10w -t sl sl

oF . argming £a(z, 255 p),
R K

a* . argmin, ®F (z),
S [k (O ),

k def k P k
Oy (2)= La(z, 2" p) + §||5U — a3



Convex QP problem

2t EH x4 argmin Mﬁ,p(x, z). (17)

T,z

ME (x,2) ==k (2)
1 k ) (18)
+ ZH[CQ«“ —u+ 2 4 — zpll3-



Practical algorithms

Technical specifications/Cahier des charges



QP solvers Method used Limitations

Mosek, Gurobi Interior Point No warm-start
0SQP ADMM Accuracy to low threshold
quadprog, qpOASES Active set Robustness



Practical algorithms

Implementations of PAL-type methods



ALM

2+ = argmax, 5 g(2) — ||z — 2F||3 = prOX%Tg(zk) is equivalent to
k
2" € argmin £, (z; 2%)
T

k+1 ko Lokt (19)
2 =2 + = (O™ — )4

Resolvant operator
1
ProX 1o def (I + —Tg)_l, (20)
[

K
with Ty = —0g.



The PAL

Proximal Augmented Lagrangian

okt 2R+l — proxy (2, 2¥) is equivalent to

k+1

. ) L
2" = argmin £, (z; 2*) + %H: — z*||2
" 2

Lk () (21)

Resolvant operator

proxs,p et (I+27)71, (22)
with ¥ € &, (R™), T KKT conditions (12).



Idea: Approximate prox with semi-smooth Newton.
Merit function: ¢k ,(x) = f(x) + & [[uz* + Cx — ul 4§+ §llw — 2*3.
aF -~ argming ¢ (),
2L = [k 4 %(C’az’“rl — )], (23)
gl = gk g i(Akarl —b).
with [|[Vek (a5 +1)]loo < e, 30 eF < foc.
Stopping criterion

Hchﬁ’p(ka )oo < ek Zs < +o0, (24)

With (26): ||(z**1, 25+1) — proxsp(xF, 27)|| < M||Vgou7p(xk+1)||oo.



Idea: Approximate prox with semi-smooth Newton.

def
Merit function: @f ,(2) < f(x) + & |12 + Cx — ul4 |3 + §llz — 2*[13

FL R argmin/\/lk x,2),
e 14, (25)

T,z
with [|[VME (@R 2R o <P, 30, e < oo
Stopping criterion
k
||VM#7p(xk+1,yk+1,Zk+1 ||oo < lc ZE < 400, (26)

With (26): || (z k+172k+1) —pI‘OXET(xk,Z )| < M||V¢u,p($k+1)”oo~



Semismooth Newton step

#0) .= zF_Generate (D = 20 4+ o*§z with:
> af ;= argmin, gol’j’p(:i‘(l) + adx)
» Sz solution of (1).

H+pl C®@EHT| (x| —Vk (&) @)
C®) (& —pl 6z| 0 '

where C¥)(z) is a short-hand for the generalized Jacobian of
[Cx — u+ pz*]4 at x and

Vh (z) = Vf(z)+CT[Z* + ;(C’x —u)]y 4 plz —2F).  (28)



20 = gk 20) = 2k

Generate 20+ = 20 4 o*§z, 2(HD) = 2(0 4 o*§2 with:
> o := argmin,. Mﬁ,p(i(l) + adz, 2V + adz)
» §xz,z solutions of (1).

H+pl CPWEHT| |oz|
C®)(zh) —ul 0z

VE0) + p(e® — aF) + CT 20

29
([C30 — w4 20p] — 20p) - )

where C®)(2!) stands for the generalized Jacobian of [C#! — u + puzF] .



Frame Title

20 = gk 20) = 2k

while [|r(z, 2)]|c > * do

H+pl CR@EHT| [z o
CW®) (& —pl oz|

VED) 4+ p(z® — 2F) + CT20
([C30D — w4 20p]y — 20p)

g

Chr(@1,2)

*

o := argmin, Mﬁp(i(” + adz, 2V + adz);
R R

s — 3y 06z

end

C®)(#!) stands for the generalized Jacobian of [C#! — u + uz¥] .



Enhancements in [5]

1. New merit function, extending [2, 3]
2. Calibrate p using bound-constrained Lagrangian (BCL) [4]

3. Good implementation



Enhancements in [5]

Changing merit functions
KKT conditions in (z, 2):

V(@) +C 2+ plz —2*) =0,

k (30)
pz — [Cx —d + pz"l = 0.
are equivalent to:
V(z)+ p(z —2¥) + CTH’(C.I‘ —u) + 28],
+LCT((Cx —u+ 2y — 21) = 0, (31)

zpt — [Cx — u+ 2]y = 0.



Enhancements in [5]

New merit function

1
M (x,2) = ¢ (z) + ﬂll[Cw —u+ 2Py — 23 (32)

Linear systems involved

[ [H+rT Chio) M ] _
Cr.ewy —H ) 0z, ()
- A ~(l
. vf(x(l)) + p(m'(l) - $k) aF C;;;(ff(l))zgk)(i(”)] ’ (33)
(1030 — u+ 20u]y — 200); o

_ 0
0215 (30)) = ~Zpe(z))

where I(z) = {i € [1,n;]|Cx — u + 2 > 0}.



Enhancements in [5]

Comparing iterative residual errors
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Figure 1: Iterative error after one iteration of semi-smooth Newton (with PAL
or PDAL merit functions) for QPs with increasing condition numbers.



Enhancements in [5]

while Stopping criterion not satisfied do

&, 2~ argmin, , ME (2, 2);

mp(
:L'k+1 = I
if [[C* ! —uly [l < 7x then
Accept multiplier 2;

Strictly decrease ¥, n¥;
else

Keep previous multiplier 2*;
Low decrease of &*, n*;
Strictly decrease y;

end

end



Enhancements in [5]

number of non zeros
number of matrix elements

sparsity =

sparsity < 10% (35)

matrix dimensions < 1000 (36)



Some benchmarks
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Figure 2: Run times for random sparse equality and inequality constrained
QPs (sparsity of H, A, C ~ 15%) with fixed dimension (d = 50).



Some benchmarks
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Figure 3: Run times for random sparse equality and inequality constrained
QPs (sparsity of H, A, C ~ 15%) with increasing dimension.



Some benchmarks
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Figure 4: Performance profiles on small to medium-sized Maros-Mészaros
problems.



Applications



Extension I: Nonlinear control

Work from Jallet et al. [6, 7] ]
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Figure 5: KKT matrix for a Newton step on a
control problem (acrobot w/ control bounds).



Basic building block: general nonlinear programming (NLP).



Basic building block: general nonlinear programming (NLP).
Same principle: approximate the prox with Newton steps, but:

» Hessian matrix changes all the time
» no analytical formula for linesearch



Basic building block: general nonlinear programming (NLP).

Same principle: approximate the prox with Newton steps, but:

» Hessian matrix changes all the time
» no analytical formula for linesearch

» compute Newton steps with dynamic programming (Riccati-type
recursion)









Extension II: sparse coding?

Consider a nonsmooth penalty problem
min f(z)+ || Lz|;. (37)
zeR”™

Traditionally: if we know prox, then use ADMM.



Extension II: sparse coding?

Consider a nonsmooth penalty problem
min f(z)+ || Lz|;. (37)
z€R™

Traditionally: if we know prox, then use ADMM.

Idea from [8]: build augmented Lagrangian

Lu(@ye) = F(@) + My (La + i) = 5 lye (38)

where M, (v) = min, i”z —v||? 4 ||z||1 is the Moreau envelope.

To investigate:

» semi-smooth Newton steps
» convergence rates



(4]
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