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Introduction

Context
e Quasi Stochastic Approximation (chap. 4),

e Broad range of applications.

Setup
F(0") £ E(f(6%,4)) =0,6" € R%, ¢ € Q (1)
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Introduction

Setup
F(0") ZE(F(6",¢)) = 0,6 €RY, $ € Q (2)

Plan
e Step 1: Refine f (ex: s.t. globally asymptotically stable ODE):

d -
U =1() (3)

e Step 2: Design appropriate approximation:
9n+1 = 0,, =4 04,,+17_‘(9,,) (4)
e Step 3: Design appropriate Stochastic Approximation:

0n+1 =0, + an—i—l(?(‘gn) + An-i-l) (5)
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Introduction

Plan
e Remarks on ODE design
e ODE approximation
sufficient conditions for convergence,
optimizing the covariance,
trade-off (transient time vs optimal rate),

some solutions (PJR, Zap algorithms),
limits,

Measure typically ¥, = E[(6, — 6*)(0, — 6*)T], but also need
167 — 6]l

V VVVYV
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Remarks on ODE design

Remarks

e f, f: impose transient time,
e Examples
> Newton-Raphson Flow

Ons1 = On — o1 [A(02)] " F(0n), A(0) = [06F ()]0, (6)
> Newton-Raphson algorithm (a, = 1),

> Runge-Kutta methods,
> etc.
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Sufficient conditions for convergence

Setting

9n+1 — 9n aF Oln—l—l(?(en) + An-|—1) (7)
with Apy1 = (0, Dni1) — F(6n), Py ~ b

What do we compare?
Hq?g") — ©¢|| on time intervals T, paved by 7411 = 7« + ax, k >0
e The Original ODE ﬁg"):

%ﬁ&”) — F), t > 7,000 = 6, (8)

e lts Stochastic Approximation ©;:

©: =0,, if t=1,Vn>0, linear interpolation otherwise
(9)

rd
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Sufficient conditions for convergence

What do we compare?

||19£”) — ©¢|| on time intervals T, paved by 7411 = 7« + ax, k >0

Ts Ts

Figure 8.1: ODE approximation on time intervals [Tk, Tet1) of width approximately 7.
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Sufficient conditions for convergence

Typical assumptions (Th. 8.1)

e f Lipschitz continuous,
e {6,} bounded as.,
e Cumulative disturbance My vanishes for each T,

Then:
VT >0, lim  sup 9" — 0 =0 (10)
A—700 Th2t<Tp+T
If also the ODE is globally asymptotically stable with unique
minimum 6*:
lim ©¢;= lim 6,=06" (11)
t—r o0 n—co

s
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Sufficient conditions for convergence

Step-size choice

Sufficient conditions (Robbins—Monro) for matching vanishing
disturbance of Th. 8.1

e Zk Qg = OO,
e Y, a2 < co.
Hence, typical choice: o, = m,p €(0,1,g>0

Cumulative disturbance

K
MO = 3 an (12)
i=n+1

Vanishing in the sense (cf. Th 8.1):

lim sup MY =0 (13)

n—rco K>nmx—7n<T

7
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Optimizing the covariance

= E[(0, — 6%)(0, — 6*)T], assume nPL, — Ty

Scalar gain
. If Real(A(gA)) < —1/2 then Xy must solve

Yy = n+n

1 1
(gA + §/)zg + Yo(gA + §I)T +g°5A=0 (14)

o a,= m,p € (1/2,1): If Real(A(A)) < 0 then Xy must
solve
AYg + XoAT + g0 =0 (15)

with
o AZ 0y (07),
TN “ limp— oo %E[M"Mr;r]' with M, = ZZZI fk(a*)
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Optimizing the covariance

Matrix gain
. If Real(A\(GA)) < —1/2 then & must solve

¢ Gn= n+n

(GA + %/)zg +ZS(GA+ %/)T +GIAGT =0  (16)

with
o AZ 0pf(0%),
o YA Zlimpsoo LE[MM]], with M, = S27_; fi(60%)

Optimal choice

The choice G* = —A~1 results in:

Y EATITAATY)T S -5 >0 (17)

7
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Trade-off (optimal rate vs transient time)

Naive recap
Suppose

e f Lipsichitz continuous,

e ODE Globally asymptotically stable,

-1

o ap = —nA+—no (i.e., Newton-Raphson flow type approximation)
e other mild necessary assumptions
Then

e Optimal rate : n¥, — ¥
e Optimal covariance ¥

Are we done ?
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Trade-off (optimal rate vs transient time)

Not the best in practice

05

1 1 1 1

Jd
0 2 4 6 8 10 kx10°

Figure 8.2: Comparison of three values of
p for the step-size a,, = g/n”.
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Trade-off (optimal rate vs transient time)

Transient time estimate
cf. Lemma 8.4 (scalar step size)

o If ap = g/n, for large k >0

|| ~s * * n —
16n 1k — 67| ~ [[947), — 67| < Boe™®||6, — 6 1) ™
(18)

o If oy =g/n”, p <1, forlarge k >0

1O k—0%]] 2 (|94, 67| < Boeme@+m)|jg,—g|e = (*HH1
(19)
Trade-off:
e «, = g/n: optimal rate (O(1/n)) but slower transient time,

e a,=g/n”, p <1, slower rate, but quicker transient time.

rd
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Some solutions
JPR: Simple but impactful idea

Wait until transient time "terminated” at Np > 0 (p < 1), then
reduce volatility using averaging.

051 g, o p=10

L 1 1 1

0 2 4 6 8 10 kx10%

Figure 8.2: Comparison of three values of
p for the step-size o, = g/n”.
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Some solutions

Polyak-Juditsky-Ruppert Averaging
Initialization: 6, € R?
® Opy1 =10, +6n+1fn+1( n) 0<n<N-1,

PR _

N = N0 Zk N0+1
with 1 << Ny << N, B, square summable and lim, n3, = oo
(typically 8, = g/n”, p < 1)

Optimal rate
Under mild assumptions (Section 8.6.3)

nE[(67F —07)(05% —6")T] = S, EATIEA(AT)T (20)

rd
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Some solutions
Remark: two time-scale ODE
PJR averaging:

{ On+1 = 6n + Bnt1fat1(6n) (21)
0Ff, = 0F% + any1[0ng1 — 05F], 0 > No

with 0,"\3,5 =0, a,=1/n, Iim,,a—’; = o0

More generally (ex: The 8.3)

{ 0n+1 = s =F Bn—f—l fn+1(0na wn) (22)
Wntl = Wwp+ an+1gn+1(9na wn)

with lim, 57: = 00, which implies 0, ~ 0°(w) for large n.
d —(ns
EWt = g(0°(we), we) (23)

rd
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Some solutions

ZAP algorithm
Objective: approximating Newton-Raphson flow

%ﬁt — (el + AW TAWL)] AW TF(9:)

Motivations (=gain matrix algorithm):
e ideal transient time ("f(9:) = f(Jo)e"t"),
e optimal rate (under mild assumptions),

e mild assumptions for f.
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Some Solutions

ZAP Stochastic Approximation

o OpeRY, Ay eRI*d ¢ >0
e Forn>0

An—l—l = An + Bn—i—l[An—i—l - /IZ\n]a
Ani1 = Opfar1(0n),

0n+1 =6, Qpt1 Gn—i—l fn—l—l(en);
Gri1 = —[el + Al Apa] AT

(25)

with lim, 8,/a, = 0.

Remark

If e =0and a, = B, = % : Stochastic Newton Raphson (SNR)
algorithm.
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Some limits

Some curse

e curse of condition number: k(A) = ‘;";‘:‘:((ﬁ))
‘9n+1 = on + an-l—l(AHn + An—l—l) (26)

Optimal covariance & = (A?)~!

e curse of Markovian memory: when noise is not i.i.d., but
Markovian, like in RL.

7
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Conclusion

Synthesis
e SA = tool for solving f(6*) =0,
e Step 1: ODE design (transient time)

e Step 2: ODE approximation

>~ Convergence sufficient conditions (f Lipschitz continuous,
ODE globally asymptotically stable, Robbins-Monro step sizes,
etc.),

> Optimizing covariance (G* = —[9pf (0*)] 1),

> Trade off (p = 1 optimal rate O(1/n) with slow transient time
vs opposite for p < 1),

> Solutions (PJR averaging, ZAP),

> Limits (condition number, Markovian memory).

Other solutions?
Matrix Momentum Algorithms ?
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